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LOWER BOUNDS OF CERTAIN GENERAL LOCAL COHOMOLOGY
MODULES
MAHMOUD BEHROUZIAN AND MOHARRAM AGHAPOURNAHR
Abstract. Let R be a commutative Noetherian ring, Φ a system of ideals of R, a ∈ Φ, M
an arbitrary R-module and t a non-negative integer. Let S be a Melkersson subcategory of
R-modules. Among other things, we prove that if HiΦ(M) is in S for all i < t then H
i
a(M) is
in S for all i < t and for all a ∈ Φ. If S is the class of R-modules N with dimN ≤ k where
k ≥ −1, is an integer, then HiΦ(M) is in S for all i < t (if and only if) H
i
a(M) is in S for all
i < t and for all a ∈ Φ. As consequences we study and compare vanishing, Artinianness and
support of general local cohomology and ordinary local cohomology supported at ideals of its
system of ideals at initial points i < t. We show that Supp
R
(HdimM−1
Φ
(M)) is not necessarily
finite whenever (R,m) is local and M a finitely generated R-module.
1. Introduction
Throughout this paper R is a commutative Noetherian ring with non-zero identity and a an
ideal of R. For an R-module M , the ith local cohomology module M with respect to ideal a is
defined as
Hia(M)
∼= lim−→
n
ExtiR(R/a
n,M).
There are some generalizations of the theory of ordinary local cohomology modules. The
following is introduced by Bijan-Zadeh in [10].
Let Φ be a non-empty set of ideals of R. We call Φ a system of ideals of R if, whenever
a1, a2 ∈ Φ, then there is an ideal b ∈ Φ such that b ⊆ a1a2. For such a system, for every
R-module M , one can define
ΓΦ(M) = { x ∈M | ax = 0 for some a ∈ Φ}.
Then ΓΦ(−) is a functor from C (R) to itself (where C (R) denotes the category of all R-
modules and all R-homomorphisms). The functor ΓΦ(−) is additive, covariant, R-linear and
left exact. In [11], ΓΦ(−) is denoted by LΦ(−) and is called the “general local cohomology
functor with respect to Φ”. For each i ≥ 0, the i-th right derived functor of ΓΦ(−) is denoted
by HiΦ(−). The functor H
i
Φ(−) and lim−→
a∈Φ
Hia(−) (from C (R) to itself) are naturally equivalent
(see [10]). For an ideal a of R, if Φ = {an|n ∈ N0}, then the functor H
i
Φ(−) coincides with the
ordinary local cohomology functor Hia(−). It is shown that, the study of torsion theory over R
is equivalent to study the general local cohomology theory (see [11]). It is easy to see that the
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above definition of system of ideals and general local cohomology modules is equivalent to the
[12, Definition 2.1.10 and Notation 2.2.2]. General local cohomology modules was studied by
several authors in [10, 11, 15, 4, 1, 2, 12].
Let S be a Serre subcategory of the category of all R-modules. The crucial points of Section 2,
are Theorems 2.1 and 2.9 which show when the R-modules Exts+tR (N,M) and Ext
s
R(N,H
t
Φ(M))
belong to S, where s, t are non-negative integers. These two theorems, which are frequently used
through the paper, enable us to demonstrate some new facts and improve some older facts about
the extension functors of general local cohomology modules. Our main result in this section are
Corollaries 2.6, 2.7 and 2.14 as follows:
Corollary 1.1. (See Corollaries 2.6 and 2.7) Let M be an arbitrary R-module, S a Melkersson
subcategory with respect to the any ideal a ∈ Φ and N be a finitely generated R-module with
SuppRN = V (a) for some a ∈ Φ. Let t be a non-negative integer such that Ext
j
R(N,H
i
Φ(M)) is
in S for all i < t and all j < t− i, then Hia(M) ∈ S for all i < t. In particular, if H
i
Φ(M) is in
S for all i < t, then Hia(M) ∈ S for all i < t.
Corollary 1.2. (See Corollary 2.14) Let S be the class of all R-modules N with dimRN ≤
k, where k is an integer and M an arbitrary R-module. Then the following statements are
equivalent:
(i) HiΦ(M) ∈ S for all i < t (for all i ≥ 0);
(ii) Hia(M) ∈ S for all i < t (for all i ≥ 0) and all a ∈ Φ.
In section 3, first of all we generalize and improve [20, Theorem 2.2] (Local-global Principle
for the Artinianness of local cohomology modules). Then we prove the following main result:
Corollary 1.3. (See Corollary 3.4) Let M be an a-ETH-cofinite R-module for all ideal a ∈ Φ
or finitely generated and t a positive integer. Then the following conditions are equivalent:
(i) Supp(HiΦ(M)) ⊆ Max(R) for all i < t (for all i ≥ 0);
(ii) Supp(Hia(M)) ⊆ Max(R) for all i < t (for all i ≥ 0) and all a ∈ Φ;
(iii) Hia(M) is Artinian R-module for all i < t (for all i ≥ 0) and all a ∈ Φ;
when R is a semi-local ring these conditions are also equivalent to:
(iv) HiΦ(M) is Artinian for all i < t (for all i ≥ 0).
As an application of Corollary 1.3, we prove the following theorem:
Theorem 1.4. (See Theorem 3.6) Let R be a semi-local Noetherian ring, Φ a system of ideals of
R and M a finitely generated R-module. If dimR/a ≤ 0 for all a ∈ Φ, then HiΦ(M) is Φ-cofinite
Artinian for all i ≥ 0.
In Example 3.7, we show that implication (iii)⇔ (iv) of Corollary 1.3 is not true in general.
In Corollary 3.8, we show that the vanishing of HiΦ(M) for all i < t (for all i ≥ 0) is equivalent
to the vanishing of Hia(M) for all i < t (for all i ≥ 0) and all a ∈ Φ. Using this vanishing result
in Corollary 3.9, we prove the following equality:
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⋃
i<t
SuppR(H
i
Φ(M)) =
⋃
a∈Φ,i<t
SuppR(H
i
a(M)).
In Section 4, we get some applications of theorems 2.1 and 2.9. Then for non-negative integers
s and t, we find some sufficient conditions for validity of the isomorphism:
ExtsR(N,H
t
Φ(M))
∼= Exts+tR (N,M)
∼= Hs+ta (N,M)
∼= ExtsR(N,H
t
a(M))
As a consequence, we prove the following corollary:
Corollary 1.5. (See Corollary 4.9) Let M , N be two finitely generated R-modules such that
SuppR(N) = V(a) for some a ∈ Φ. If grade(Φ,M) = t, then
HomR(N,H
t
Φ(M))
∼= ExttR(N,M)
∼= Hta(N,M)
∼= HomR(N,H
t
a(M)).
We close the paper with the example 4.10 that shows, for a local ring (R,m) and a finitely
generated R-module M , with dimM = d, the set SuppR(H
d−1
Φ (M)) is not necessarily finite.
Even though we can show some of our results by using spectral sequences, we are avoiding
the use of this technique completely in this work and we provide more elementary proofs for
the results.
Throughout this paper, R will always be a commutative Noetherian ring with non-zero iden-
tity, Φ a system of ideals of R and a will be an ideal of R. We denote {p ∈ SpecR : p ⊇ a} by
V (a). As a convention we consider dim 0 = −1. For any unexplained notation and terminology
we refer the reader to [12], [18] and [13].
2. Lower bounds of general local cohomology
Recall that a Serre subcategory S of the category of R–modules is a subclass of R–modules
such that for any short exact sequence
0 −→ X ′ −→ X −→ X ′′ −→ 0,
the module X is in S if and only if X ′ and X ′′ are in S. In other words, it is closed under taking
submodules, quotients and extensions.
We begin the paper with a useful theorem that is a generalization of [7, Theorem 2.1].
Theorem 2.1. Let M be an arbitrary R-module, S a Serre subcategory and N be a Φ-torsion
R-module. If Extt−iR (N,H
i
Φ(M)) ∈ S for all i ≤ t. Then Ext
t
R(N,M) ∈ S.
Proof. We prove the result by induction on t. The case t = 0 is clear, because if t = 0 then,
i = 0 so
Ext0R(N,H
0
Φ(M)) = HomR(N,ΓΦ(M))
∼= HomR(N,M).
Suppose that t > 0 and t− 1 is settled. Let M =M/ΓΦ(M), L = E(M )/M where E(M ) is the
injective hull of M . Since ΓΦ(M ) = 0 = ΓΦ(E(M )), by applying the derived functors ΓΦ(−)
and HomR(N,−) on the short exact sequence
0 −→M −→ E(M ) −→ L −→ 0
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we obtain for all i > 0, the isomorphisms,
Hi−1Φ (L)
∼= HiΦ(M)(
∼= HiΦ(M)) , Ext
i−1
R (N,L)
∼= ExtiR(N,M ).
From the above isomorphisms for all 0 ≤ i ≤ t− 1 we have,
Ext
(t−1)−i
R (N,H
i
Φ(L))
∼= Ext
t−(i+1)
R (N,H
i+1
Φ (M))
which is in S by assumptions. Thus, from the induction hypothesis on L, Extt−1R (N,L) ∈ S.
Now by the short exact sequence 0 −→ ΓΦ(M) −→ M −→ M −→ 0 we get the long exact
sequence
· · · −→ ExttR(N,ΓΦ(M)) −→ Ext
t
R(N,M) −→ Ext
t
R(N,M ) −→ · · ·
which shows that ExttR(N,M) ∈ S. 
Corollary 2.2. Let M be an arbitrary R-module, S a Serre subcategory and N be a Φ-torsion
R-module. Let t be a non-negative integer such that ExtjR(N,H
i
Φ(M)) ∈ S for all i < t and all
j < t− i Then ExtiR(N,M) ∈ S for all i < t.
Corollary 2.3. Let M be an arbitrary R-module, S a Serre subcategory and N be a finite a-
torsion R-module for some a ∈ Φ. If Extt−iR (N,H
i
Φ(M)) is in S for all i ≤ t, then H
t
a(N,M) ∈ S.
Proof. The result follows by Theorem 2.1 and [21, theorem 2.5]. Note that N = Γa(N) ⊆
ΓΦ(N). 
Corollary 2.4. Let M be an arbitrary R-module, S a Serre subcategory and N be a finite a-
torsion R-module for some a ∈ Φ. If ExtjR(N,H
i
Φ(M)) is in S for all i < t and all j < t − i,
then Hia(N,M) ∈ S for all i < t.
The second author of present paper and Melkersson in [6, Definition 2.1] defined Melkersson
subcategory with respect to an ideal as follows:
Definition 2.5. A full subcategory S of the category of R-modules is said to be Melkersson
subcategory with respect to the ideal a if for any a-torsion R-module M , (0 :M a) ∈ S implies
M ∈ S.
To see some examples of Melkersson subcategories, we refer the reader to [6, Examples 2.4
and 2.5].
The following two corollaries are our first main results of this paper.
Corollary 2.6. Let M be an arbitrary R-module, S a Melkersson subcategory with respect to
the any ideal a ∈ Φ and N be a finitely generated R-module with SuppRN = V (a) for some
a ∈ Φ. Let t be a non-negative integer such that ExtjR(N,H
i
Φ(M)) is in S for all i < t and all
j < t− i, then Hia(M) ∈ S for all i < t.
Proof. It follows by Corollary 2.2 and [6, Theorem 2.9]. 
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Corollary 2.7. Let M be an arbitrary R-module, S a Melkersson subcategory with respect to the
any ideal a ∈ Φ and t a non-negative integer. If HiΦ(M) is in S for all i < t, then H
i
a(M) ∈ S
for all i < t.
Corollary 2.8. Let M be an arbitrary R-module and S a Melkersson subcategory with respect
to the any ideal a ∈ Φ then:
inf{i : HiΦ(M) /∈ S} ≤ inf{inf{i : H
i
a(M) /∈ S} : a ∈ Φ}.
The following theorem is a generalization of [7, Theorem 2.3].
Theorem 2.9. Let N be a Φ-torsion R-module, M be an arbitrary R-module, S a Serre sub-
category of R-modules and s, t be non-negative integers such that
(i) Exts+tR (N,M) is in S;
(ii) Exts+1+iR (N,H
t−i
Φ (M)) is in S for all i, 1 ≤ i ≤ t;
(iii) Exts−1−iR (N,H
t+i
Φ (M)) is in S for all i, 1 ≤ i ≤ s− 1.
Then ExtsR(N,H
t
Φ(M)) ∈ S.
Proof. We prove by induction on t. Let t = 0 and set M = M/ΓΦ(M). By hypothesis (iii)
Ext
(s−1)−i
R (N,H
i
Φ(M)) is in S for all i, 0 ≤ i ≤ s − 1. Thus from Theorem 2.1, Ext
s−1
R (N,M )
belongs to S . Applying the derived functor HomR(N,−) to the short exact sequence
0 −→ ΓΦ(M) −→M −→M −→ 0
we obtain the long exact sequence
· · · −→ Exts−1R (N,M ) −→ Ext
s
R(N,ΓΦM) −→ Ext
s
R(N,M) −→ · · ·
Since Exts−1R (N,M) is in S and by t = 0 in (i), Ext
s
R(N,M) is in S which shows that
ExtsR(N,ΓΦM) ∈ S. Now assume that t > 0 and that t − 1 is settled. Let M = M/ΓΦ(M),
L = E(M )/M where E(M) is the injective hull of M . By applying the derived functors ΓΦ(−)
and HomR(N,−) on the short exact sequence
0 −→M −→ E(M ) −→ L −→ 0
the proof sufficiently similar to that of Theorem 2.1 to be omitted. We leave the proof to the
reader. 
The following corollary is a generalization of [7, Corollary 2.4].
Corollary 2.10. Let M an arbitrary R-module and N a Φ-torsion R-module. Let S be a Serre
subcategory of R-modules and t a non-negative integer. If Extt+1−iR (N,H
i
Φ(M)) ∈ S for all i < t
and ExttR(N,M) ∈ S then HomR(N,H
t
Φ(M)) ∈ S.
Proof. Put s = 0 in Theorem 2.9. 
6 M. BEHROUZIAN AND M. AGHAPOURNAHR
Proposition 2.11. Let S be the class of all R-modules N with dimRN ≤ k, where k
is an integer and M an arbitrary R-module. Let t be a non-negative integer such that
Extt+1−iR (R/a,H
i
Φ(M)) ∈ S for all i < t and all a ∈ Φ and Ext
t
R(R/a,M) ∈ S for all a ∈ Φ,
then HtΦ(M) ∈ S.
Proof. We have HomR(R/a,H
t
Φ(M)) ∈ S for all a ∈ Φ by Corollary 2.10 . Also, hence H
t
Φ(M)
is a Φ-torsion R-modules, thus
HtΦ(M) =
⋃
a∈Φ
(0 :Ht
Φ
(M) a) =
⋃
a∈Φ
HomR(R/a,H
t
Φ(M)).
Thus, SuppRH
t
Φ(M) ⊆
⋃
a∈Φ SuppRHomR(R/a,H
t
Φ(M)), and therefore H
t
Φ(M) ∈ S. 
Corollary 2.12. Let S be the class of all R-modules N with dimRN ≤ k, where k is an integer
and M an arbitrary R-module. Let ExttR(R/a,M) ∈ S for all i < t and all a ∈ Φ. Then
HiΦ(M) ∈ S for all i < t.
Proof. By a similar proof of Proposition 2.11, we can show that ΓΦ(M) ∈ S. Now it follows
from Proposition 2.11 that H1Φ(M) ∈ S. By keeping this process we have H
i
Φ(M) ∈ S for all
i < t. 
Corollary 2.13. Let M be an arbitrary R-module. If k ≥ −1 be an integer such that
dimRH
i
a(M) ≤ k for all i < t (resp. for all i) and all a ∈ Φ, then dimRH
i
Φ(M) ≤ k for
all i < t (resp. for all i).
Proof. The result follows by Corollary 2.13 and [6, Theorem 2.9]. 
The following result is one of the main results of this paper.
Corollary 2.14. Let S be the class of all R-modules N with dimRN ≤ k, where k is an integer,
and M an arbitrary R-module. Then the following statements are equivalent:
(i) HiΦ(M) ∈ S for all i < t (for all i ≥ 0);
(ii) Hia(M) ∈ S for all i < t (for all i ≥ 0) and all a ∈ Φ.
Proof. It follows by Corollaries 2.13 and 2.7. 
Corollary 2.15. Let S be the class of all R-modules N with dimRN ≤ k, where k is an integer,
and M an arbitrary R-module. Then:
inf{i : HiΦ(M) /∈ S} = inf{inf{i : H
i
a(M) /∈ S} : a ∈ Φ}
= inf{inf{i : ExtiR(R/a,M) /∈ S} : a ∈ Φ}.
Proof. By Corollary 2.14, [6, Theorem 2.9]. 
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3. Cofiniteness, Artinianness and vanishing
As a generalization of definition of cofinite modules with respect to an ideal ([19, Definition
2.1]), it is introduced in [3, Definition 2.2] the following definition.
Definition 3.1. Let a be an ideal of R, then the R-module M (not necessary a-torsion) is called
ETH-cofinite with respect to a or a-ETH-cofinite, if ExtiR(R/a,M) is a finitely generated R-
module for all i.
To see the properties of this class see [4, Remark 2.2 and Example 2.3].
The following theorem which is Local-global Principle for the Artinianness of local cohomology
modules generalizes and improves [20, Theorem 2.2]. Tang in [20, Theorem 2.2] proved the
following theorem whenM is finitely generated, whereas here, with a completely different proof,
we prove it for the class of a-ETH-cofinite modules. The implication (iv) ⇒ (ii) is also a
generalization of [9, Proposition 2.2 and Corokkary 2.3].
Theorem 3.2. (Local-global Principle for the Artinianness of local cohomology modules). Let
a be a proper ideal of R, M an a-ETH-cofinite R-module and t a positive integer. Then the
following statements are equivalent:
(i) Hia(M) is Artinian for all i < t (for all i);
(ii) Hia(M) is Artinian and a-cofinite for all i < t (for all i);
(iii) Hia(M)p is Artinian for all i < t (for all i) and all prime ideal p ∈ Spec(R);
(iv) Supp(Hia(M)) ⊆ Max(R) for all i < t (for all i).
Proof. The implications (i)⇒ (iii), (ii)⇒ (i) and (ii)⇒ (iv) are obviously true.
To prove implication (iii)⇒ (ii), we use induction on t. Let t = 1. Since
HomR(R/a,Γa(M)) = HomR(R/a,M),
it follows easily that the set AssR(Γa(M)) is finite. Let AssR(Γa(M)) = {p1, . . . , pn}. So we
have
E(Γa(M)) = ⊕
n
i=1µ
0(pi,Γa(M)) E(R/pi).
By localizing of the above equality at each pi of AssR(Γa(M)) we get AssR(Γa(M)) ⊆ Max(R)
and µ0(pi,Γa(M)) is finite. So it follows E(Γa(M)) and therefore Γa(M) is an Artinian R-
module. Hence HomR(R/a,Γa(M)) has finite lengths. Now, it follows by [19, Proposition 4.1],
Γa(M) is Artinian and a-cofinite R-module. Suppose t > 1 and the case t− 1 is settled. Since
by induction hypothesis Hia(M) is Artinian and a-cofinite for all i < t − 1. It follows by [5,
Corollary 4.4] that HomR(R/a,H
t−1
a (M)) is a finitely generated R-module. Therefore the set
AssR(H
t−1
a (M)) is finite. The rest of proof is the same as the case t = 1. Therefor H
t−1
a (M) is
an Artinian and a-cofinite R-module, this complete the inductive step.
To prove the implication (iv) ⇒ (ii) again we use induction on t. Let t = 1. Since
SuppR(Γa(M)) ⊆ Max(R), thus SuppR(HomR(R/a,Γa(M))) ⊆ Max(R). On the other hand
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since HomR(R/a,Γa(M)) ∼= HomR(R/a,M), so HomR(R/a,Γa(M)) is finitely generated R-
module. It is easy to see that HomR(R/a,Γa(M)) is an Artinian R-module and therefore
HomR(R/a,Γa(M)) has finite lengths. It follows by [19, Proposition 4.1] that Γa(M) is Ar-
tinian and a-cofinite R-module. Now, assume that t > 1 and the case t − 1 is settled. Con-
sider M = M/Γa(M). Since Γa(M) = H
0
a(M) is Artinian and a-cofinite R-module, it is
easy to see that M is a-ETH-cofinite if and only if M is a-ETH-cofinite. Further, note that
Hia(M)
∼= Hia(M), i > 0. Thus we may assume M is a-torsion-free and so Γa(M) = 0. Let E be
an injective hall of M and put L = E/M . Then also Γa(E) = 0. Therefore the exact sequence
0 −→ M −→ E −→ L −→ 0, implies Hia(L)
∼= Hi+1a (M) and Ext
i
R(R/a, L)
∼= Exti+1R (R/a,M)
for all i ≥ 0. It follows that L is an a-ETH-cofinite R-module and SuppR(H
i
a(L)) ⊆ Max(R) for
all i < t − 1. Therefore by induction hypothesis Hia(L) is Artinian and a-cofinite R-module for
all i < t− 1. The isomorphism Hia(L)
∼= Hi+1a (M) shows that H
i
a(M) is Artinian and a-cofinite
R-module for all i < t. This complete the inductive step. 
Corollary 3.3. Let b ⊆ a be two ideals of a Noetherian ring R, M be a b-cofinite R-module
and t be a positive integer. Then the above theorem holds.
Proof. Note that SuppR(R/a) = V(a) ⊆ V(b), therefore Ext
i
R(R/a,M) is finitely generated for
all i ≥ 0 by [19, Corollary 2.5]. Now the assertion follows by Theorem 3.2. 
The following corollary that is one of our main results, shows that the Artinianness of general
local cohomology at initial points is not necessarily equivalent to the Artinianness of its ordinary
local cohomology in general and it needs some more conditions.
Corollary 3.4. Let M be an a-ETH-cofinite R-module for all ideal a ∈ Φ or finitely generated
and t a positive integer. Then the following statements are equivalent:
(i) Supp(HiΦ(M)) ⊆ Max(R) for all i < t (for all i ≥ 0);
(ii) Supp(Hia(M)) ⊆ Max(R) for all i < t (for all i ≥ 0) and all a ∈ Φ;
(iii) Hia(M) is Artinian R-module for all i < t (for all i ≥ 0) and all a ∈ Φ;
when R is a semi-local ring these conditions are also equivalent to:
(iv) HiΦ(M) is Artinian for all i < t (for all i ≥ 0).
Proof. (i)⇔ (ii) follows by Corollary 2.14.
(ii)⇔ (iii) follows by Theorem 3.2.
(iii)⇔ (iv) follows by [14, Lemma 3.2], [15, Lemma 3.2] and [6, Theorem 2.9 (i)⇔ (ii)]. 
The following definition is a generalization of the concept a-cofinite modules which was intro-
duced by Hartshorne.
Definition 3.5 ([8]). Let Φ be a system of ideals of R and X an R-module. The general local
cohomology module HjΦ(X) is called to be Φ-cofinite if there exists an ideal a ∈ Φ such that
ExtiR(R/a,H
j
Φ(X)) is finitely generated for all i.
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Theorem 3.6. Let R be a semi-local Noetherian ring, Φ a system of ideals of R and M a finitely
generated R-module. If dimR/a ≤ 0 for all a ∈ Φ, then HiΦ(M) is Φ-cofinite Artinian for all
i ≥ 0.
Proof. Since by [10, Lemma 2.1],
HiΦ(M)
∼= lim−→
a∈Φ
Hia(M),
it is easy to see that SuppR(H
i
Φ(M)) ⊆
⋃
a∈Φ
SuppR(H
i
a(M)) and therefore
dimSuppHiΦ(M) ≤ sup{dimSuppH
i
a(M)|a ∈ Φ} ≤ 0,
thus SuppR(H
i
Φ(M)) ⊆ Max(R). Now, it follows by Corollary 3.4 that H
i
Φ(M) is an Artinian
R-module for all i ≥ 0. Therefore [4, Corollary 2.10] implies that HiΦ(M) is Φ-cofinite for all
i ≥ 0. 
The following example shows that in Corollary 3.4 the Artinianness of Hia(M) for all a ∈ Φ
and i < t for a non-negative integer t or for all i ≥ 0, may not be equivalent to the Artinianness
of general local cohomology module HiΦ(M) for all i < t or for all i ≥ 0.
Example 3.7. Let R be a Gorenstein ring of finite dimension d such that has infinite maximal
ideal with htm = d. Let
Ψ = {m ∈Max(R)|htm = d} and Φ = {a|a is an ideal of R and dimR/a ≤ 0}.
Then, it is easy to see that Φ is a system of ideals of R and Ψ ⊆ Φ. By [18, Theorem 18.8],
the minimal injective resolution of R has the form
0 −→
⊕
htR p=0
E(R/p) −→
⊕
htR p=1
E(R/p) −→ . . . −→
⊕
htR p=d
E(R/p) −→ 0
Applying the functor ΓΦ(−) to the above injective resolution, we can deduce that
HiΦ(R) =


⊕
m∈Ψ
E(R/m) if i = d,
0 if i 6= d.
Clearly HdΦ(R) is not Artinian while it is easy to see that H
i
a(R) is Artinian for all a ∈ Φ and
all i ≥ 0.
The following corollary shows unlike the Artinianness, vanishing of general local cohomology
modules in initial points is equivalent to the vanishing of its ordinary local cohomology.
Corollary 3.8. Let M be an arbitrary R-module, Φ be a system of ideals of R and t be a
non-negative integer. Then the following statements are equivalent:
(i) HiΦ(M) = 0 for all i < t (for all i ≥ 0);
(ii) Hia(M) = 0 for all i < t (for all i ≥ 0) and all a ∈ Φ.
Proof. Take k = −1 in Corollary 2.14. 
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The following corollary shows that union of supports of general local cohomology modules at
initial points i < t is equal to union of supports of its all ordinary local cohomology modules
at initial points i < t while for each non-negative integer i, Since HiΦ(M)
∼= lim−→
a∈Φ
Hia(M), by [10,
Lemma 2.1], it is easy to see that SuppR(H
i
Φ(M)) ⊆
⋃
a∈Φ
SuppR(H
i
a(M)).
Corollary 3.9. Let M be an be an arbitrary R–module and t be a non-negative integer. Then
⋃
i<t
SuppR(H
i
Φ(M)) =
⋃
a∈Φ,i<t
SuppR(H
i
a(M)).
Proof. By Corollary 3.8, we have
p /∈
⋃
i<t
SuppR(H
i
Φ(M)) ⇔ ∀i < t; H
i
Φ(M)p = 0
⇔ ∀i < t; HiΦp(Mp) = 0
⇔ ∀aRp ∈ Φp, i < t; H
i
aRp
(Mp) = 0
⇔ ∀a ∈ Φ, i < t; Hia(M)p = 0
⇔ p /∈
⋃
a∈Φ,i<t
SuppR(H
i
a(M)),
as we desired. 
4. Some applications and identities
As applicatios of Theorems 2.1 and 2.9, we can state Corollaries 4.1, 4.2 and 4.3.
The following corollary is a generalization of [5, Theorem 4.1(c)].
Corollary 4.1. Let N be a Φ-torsion and finitely generated R-module. Let M be an arbitrary
R-module and t a non-negative integer such that Extj−iR (N,H
i
Φ(M)) is in S for all i, j with
0 ≤ i ≤ t− 1 and j = t, t+ 1. Then ExttR(N,M) is in S if and only if HomR(N,H
t
Φ(M)) is in
S.
Proof. Follows by Theorems 2.1 and 2.10. 
Corollary 4.2. Let N be a Φ-torsion and finitely generated R-module. Let M be an arbitrary
R-module and s, t non-negative integers such that HiΦ(M) is in S for all i with 0 ≤ i ≤ t− 1 or
t+ 1 ≤ i ≤ s+ t. Then Exts+tR (N,M) is in S if and only if Ext
s
R(N,H
t
Φ(M)) ∈ S.
Proof. Follows by Theorems 2.1 and 2.9. 
The following Corollary is a generalization of [7, Theorem 2.8].
Corollary 4.3. Let M be an R-module and s, t be non-negative integers such that t ≤ s. Assume
also that HiΦ(M) is in S, for all i, i 6= t (respectively 0 ≤ i ≤ t−1 or t+1 ≤ i ≤ s). Then for all
i, i ≥ t ( respectively 0 ≤ i ≤ t− s ) ExtiR(N,H
t
Φ(M)) is in S if and only if Ext
i+t
R (N,M) ∈ S.
Proof. Easily shown with Theorems 2.1 and 2.9. 
In the following theorem, for non-negative integers s and t, we find some sufficient conditions
for validity of the isomorphism Exts+tR (N,M)
∼= ExtsR(N,H
t
Φ(M)). It is a generalization of [7,
Theorem 3.5].
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Theorem 4.4. Let N be a Φ-torsion and finitely generated R-module. Let M be an arbitrary
R-module and s, t be non-negative integers. Assume also as follows:
(i) Exts+t−iR (N,H
i
Φ(M)) = 0 for all i, 0 ≤ i < t or t+ 1 ≤ i ≤ s+ t;
(ii) Exts+1+iR (N,H
t−i
Φ (M)) = 0 for all i, 0 ≤ i ≤ t;
(iii) Exts−1−iR (N,H
t+i
Φ (M)) = 0 for all i, 0 ≤ i ≤ s− 1.
Then we have Exts+tR (N,M))
∼= ExtsR(N,H
t
Φ(M)).
Proof. We prove by using induction on t. Let t = 0. We have
Exts−1R (N,M/ΓΦ(M)) = 0 = Ext
s
R(N,M/ΓΦ(M))
from hypothesis (iii) and (i), and Theorem 2.1 with S = {0}. Now, the assertion follows by the
exact sequence
Exts−1R (N,M/ΓΦ(M)) −→ Ext
s
R(N,ΓΦ(M)) −→ Ext
s
R(N,M) −→ Ext
s
R(N,M/ΓΦ(M))
obtained from the short exact sequence
0 −→ ΓΦ(M) −→M −→M/ΓΦ(M) −→ 0.
Assume that t > 0 and that t− 1 is settled. By considering the short exact sequence
0→M → E(M)→ L→ 0,
the rest of proof is similar to that of Theorem 2.1. 
The following corollary is a generalization of [7, Corollary 3.8].
Corollary 4.5. Let M be an arbitrary R-module, a an deal of R and p ∈
⋃
a∈ΦV(a). Sup-
pose that Exts+t−iR (R/p,H
i
Φ(M)) = 0 for all i with 0 ≤ i < t or t + 1 ≤ i ≤ s + t,
Exts++1+iR (R/p,H
i
Φ(M)) = 0 for all i, 0 ≤ i ≤ t, and Ext
s−1−i
R (R/p,H
i
Φ(M)) = 0 for all
i, 0 ≤ i ≤ s− 1. Then µs+t(p,M) = µs(p,HtΦ(M)).
Proof. Note that by Theorem 4.4, Exts+tRp (Rp/pRp,Mp)
∼= ExtsRp(Rp/pRp,H
t
Φ(M)p) . Therefore
µs+t(p,M) = µs(p,HtΦ(M)).

Corollary 4.6. Let M be an arbitrary R-module and N be a finitely generated a-torsion R-
module for some a ∈ Φ. Suppose that Exts+t−iR (N,H
i
Φ(M)) = 0 for all i, 0 ≤ i < t or t + 1 ≤
i ≤ s + t, Exts+1+iR (N,H
i
Φ(M)) = 0 for all i, 0 ≤ i ≤ t, and Ext
s−1−i
R (N,H
i
Φ(M)) = 0 for all
i, 0 ≤ i ≤ s− 1. Then:
ExtsR(N,H
t
Φ(M))
∼= Exts+tR (N,M)
∼= Hs+ta (N,M)
∼= ExtsR(N,H
t
a(M))
Proof. It follows by Theorem 4.4 and [21, Lemma 2.5(c) and Theorem 2.21]. Note that N =
Γa(N) ⊆ ΓΦ(N). 
Corollary 4.7. Let M be an arbitrary R-module and N be a finitely generated R-module with
SuppR(N) = V(a) for some a ∈ Φ. If H
i
Φ(M) = 0 for all 0 ≤ i < t, then:
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HomR(N,H
t
Φ(M))
∼= ExttR(N,M)
∼= Hta(N,M)
∼= HomR(N,H
t
a(M)).
Proof. Put s = 0 in Corollary 4.6. 
Definition 4.8. ([10, Definition 5.3]) Let M be a finitely generated R-module and Φ a system
of ideals of R. We define grade of Φ on M as:
grade(Φ,M) = inf{grade(a,M)|a ∈ Φ}.
It is easy to see that, if for each a ∈ Φ, M = aM then, grade(Φ,M) = +∞, otherwise we
have grade(Φ,M) < +∞.
Corollary 4.9. Let M , N be two finitely generated R-modules such that SuppR(N) = V(a) for
some a ∈ Φ. If grade(Φ,M) = t, then
HomR(N,H
t
Φ(M))
∼= ExttR(N,M)
∼= Hta(N,M)
∼= HomR(N,H
t
a(M)).
Proof. Let a ∈ Φ, then grade(a,M) > t. Therefore Hia(M) = 0 for all i < t. Now the assertion
follows by Corollaries 3.8 and 4.7. 
A subset Z of Spec(R) is said to be stable under specialization if V(p) ⊆ Z for all p ∈ Z.
Let M be an R-module, then ΓZ(M) is defined by ΓZ(M) := { x ∈ M | SuppR(Rx) ⊆ Z}. So
ΓΦ(−) is a functor from C (R) to itself (where C (R) denotes the category of all R-modules and
all R-homomorphisms). The functor ΓZ(−) is additive, covariant, R-linear and left exact. For
each i ≥ 0, the i-th right derived functor of ΓZ(−) is denoted by H
i
Z(−). By [15, Lemma 3.2],
for any stable under specialization subset Z of Spec(R), there is a system of ideals Φ such that
for each R-module M , the R-modules HiZ(M) and H
i
Φ(M) are isomorphic.
Let (R,m) be a local ring and a be an ideal of R. Let M be a finitely generated R-module
with dimM = d. It is well-known that the set SuppR(H
d−1
a (M)) is finite. We close this paper
with the following example. It shows that the similar result is not true for the local cohomology
modules with respect to a system of ideals or with respect to an specialization closed subset.
Example 4.10. Let (R,m) be a Noetherian local domain such that dim(R) = 2. Since {0} is
a prime ideal of R and {0} ⊂ m, so there is infinitely many prime ideals of R between {0} and
m such that htR p = 1. Let Z = Spec(R) and Zn = {p ∈ Z | htR p ≥ n} for n = 0, 1, 2. Then
Z2 = {m} and Z1 = {p ∈ Z | htR p = 1} ∪ {m}. According to [16, Corollary 4.3 and Lemma
4.2], for n = 2, i = 1 and X = R, there is the following exact sequence
H1m(R) −→ H
1
Z1
(R) −→
⊕
htR p=1
H1pRp(Rp) −→ H
2
m(R).
By localizing this exact sequence at every p with htR p = 1, we get H
1
m(R)p = 0 = H
2
m(R)p and
H1Z1(R)p
∼= H1pRp(Rp). Since H
1
pRp
(Rp) 6= 0 by Grothendieck non-vanishing theorem [12, Theorem
6.1.4], thus p ∈ SuppR(H
1
Z1
(R)). Also as we mentioned before there is a system of ideals Φ such
that the R-modules H1Z1(R) and H
1
Φ(R) are isomorphic. This shows that SuppR(H
1
Z1
(R)) =
SuppR(H
1
Φ(R)) is an infinite set.
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